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Studies in which a new method for describing the collective motion of nuclei based on the
phase-space moments of the Wigner function was proposed and developed are

reviewed. The results of calculations made in the framework of this method are given for the
equilibrium shapes of rotating nuclei, the energies and excitation probabilities of

isoscalar and isovector resonances and low-lying 0%, 1+,2+,3+ 4+ and1—,27, 3~
collective states, and their widths. These results are discussed and compared with experimental

data and calculations of other authors.

INTRODUCTION

The rapid development of experimental nuclear phys-
ics that has occurred during the last two decades and still
continues has led to the accumulation of information qual-
itatively different from that which existed at the time when
the basic models of nuclear structure were formulated.

The accuracy with which the properties of the ground
and low-lying nuclear states are measured has been in-
creased. Data on the decay properties of states are being
steadily accumulated and made more accurate. The ranges
of excitation energies and angular momenta in which new
data are published have been very greatly extended. There
has been a remarkable increase in the number of nuclear
states for which information that determines their electro-
magnetic properties is accessible.

The main bulk of the new experimental information
that directly relates to nuclear structure comes at the
present time from experiments that use nuclear reactions,
in particular ones with heavy ions. Analysis of nuclear
reactions requires certain information about nuclear struc-
ture. Thus, there is an ever increasing need for joint anal-
ysis of the dynamics of nuclear reactions and of the struc-
ture of the stationary states of nuclei. For reliable analysis
of both reactions and structure it is necessary to develop a
theory in which a balance is achieved in the accuracy with
which the basic structural features of the nuclei and the
reaction mechanism are described. This aim can be
achieved only by the formulation of nuclear models that
operate basically with reliably established nuclear param-
eters and do not require excessively complicated calcula-
tions to obtain quantitative relations. At the same time, the
model should not be purely phenomenological but should,
if possible, be derived from “first principles,” for example,
from a many-particle Schrodinger equation. The original
approach to the investigation of collective motion consid-
ered in this review satisfies in general and in the main these
criteria. It is based on a method that has performed well in
the theory of atoms, the Hartree-Fock method, ! which
can also be regarded as the best suited for the study of
nuclei. For the description of excited states it was general-
ized by Dirac, who proposed the time-dependent Hartree—
Fock (TDHF) method. This method serves explicitly or
indirectly as the foundation of many phenomenological,
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microscopic, and mixed nuclear models.> From the TDHF
method one can derive the currently very popular random-
phase approximation (RPA), which describes small-am-
plitude vibrational motions (small vibrations about an
equilibrium state). There have also been attempts to study
large-amplitude motions by the method.*

A powerful stimulus to the development of the “hy-
drodynamic” aspects of the TDHF method was the discov-
ery of giant resonances of multipolarity A>2. The fact is
that the giant dipole resonance (GDR) (and also the
monopole resonance—the breathing mode) cannot be de-
scribed well in a purely hydrodynamic approach,’ for ex-
ample, the well-known Goldhaber-Teller and Steinwedel-
Jensen models. For the energy of the isoscalar giant
quadrupole resonance (GQR) the hydrodynamic ap-
proach was not even able to give the order of magnitude.

A connection between the TDHF method and hydro-
dynamics can be established as follows.® First, by a Fourier
transformation with respect to the coordinate r = r,

— Iy, the density matrix p(r,,r,) that appears in the
method is transformed into the Wigner function (Ref. 7)
f(R, p), where R = }(r; + r,). In its form, the equation
obtained for f(R, p) is very similar to the Vlasov Kinetic
equation,® differing from it by quantum corrections that
generally do not play an important part. This equation is
then integrated over the momenta with weights 1 and p,
giving a continuity equation and an equation of motion
(Euler equation). The dynamical variables in them are the
density p(r) and the mean matter velocity u(r). The Euler
equation also contains one further dynamical variable—the
pressure tensor Py(r). For it, one can also write down a
dynamical equation by integrating the “kinetic” equation
with weight pp;, However, this step leads to a dead end,
since each new integration necessarily adds a new dynam-
ical variable, so that ultimately one obtains an infinite sys-
tem of coupled differential equations of hydrodynamic
type. To obtain a closed system of equations for the vari-
ables p(r) and u(r), one can attempt to represent the pres-
sure tensor as an approximate function of these local dy-
namical variables.’ In many-particle systems in which the
mean free path is appreciably shorter than the character-
istic distances over which the density varies such a proce-
dure works well. It is usually realized by a local equation of
state, which for a degenerate Fermi system can be obtained
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from the Thomas-Fermi approximation with density-de-
pendent potentials. In nuclei, the mean free path is greater
than the nuclear diameter, so that for them such a pre-
scription is obviously invalid.!’

Bertsch!! was the first who proposed that a nucleus
could vibrate as an elastic body, a characteristic property
of which is the presence of nondiagonal components of the
pressure tensor, which are absent in the hydrodynamic pic-
ture. The presence of these components can be explained
microscopically by a typically quantum effect inherent in
Fermi systems—deformation of the Fermi surface in the
momentum space during nuclear motion. Bertsch pro-
posed that this effect should be taken into account macro-
scopically, by means of “scaling.” The basis of the method
is a simple idea, namely, a collective state of the system, if
it exists, is characterized by the property that all the single-
particle states forming the Slater determinant have the
same displacement vector and velocity potential. Bertsch’s
pioneering paper, which gave entirely reasonable values for
the energies of the giant monopole and quadrupole reso-
nances, was followed by many studies that improved, jus-
tified, and generalized the scaling approximation (see the
references in Sec. 1). Only isolated publications were de-
voted to the “dead-end” path of development of the “hy-
drodynamic” approach. For example, Nix and Sierk'?
added to the continuity and Euler equations a dynamical
equation for the pressure tensor, from which the third-rank
tensor was thrown out, i.e., the problem of closing the
infinite hierarchy of equations was “solved” in butcher’s
fashion. Nevertheless, Nix and Sierk obtained unexpect-
edly good agreement with experiment for the GQR energy.
Their method of calculating the energies was rather com-
plicated, so that they were also forced to ignore all poten-
tial interactions between nucleons.

To overcome these basically technical difficulties, the
authors of Refs. 13—15 used the method of virial theorems
that had been developed by Chandrasekhar and Lebovitz'®
to solve similar problems in astronomy—the calculation of
figures of equilibrium and the eigenfrequencies of the vi-
brations of rotating self-gravitating masses. This method
not only made it possible to calculate the GQR energy with
allowance for all potential interactions and generalize the
result to rotating nuclei but also to solve the most impor-
tant problem, namely, the closure problem.

Of course, the advantages of the virial-theorem method
are not restricted to this. It became clear quite soon that, in
conjunction with equations of hydrodynamic type, the vir-
ial theorems are a powerful tool for studying collective
motion in nuclei and, in general, in all finite many-particle
systems whose dynamics can be described by the TDHF
equations. Accordingly, this review is mainly devoted to a
description of the method of closing the infinite hierarchy
of equations and to the applications of the method to the
study of the vibrations of rotating and nonrotating nuclei.
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1. FORMULATION OF THE METHOD

Equations for the density matrix and Wigner function

The basis of our method of describing collective nu-
clear dynamics is the equation for the single-particle den-
sity matrix p = p(ry,ryt):

iﬁgp\/at= [IA{’ﬁ]s (1

where H is the self-consistent single-particle Hamiltonian,
which, in its turn, depends on the density matrix. Equation
(1), with a completely specific definition of the Hamil-
tonian, appears in Hartree-Fock theory; it is also used in
the so-called energy-functional method, which leaves wide
possibilities for the choice of the single-particle Hamil-
tonian and, in addition, gives some grounds for believing
that Eq. (1) is fairly general.!” To study rotating nuclei, it
is sufficient to add to the self-consistent Hamiltonian the
term — I-Q, where I is the angular-momentum operator,
and Q is the angular velocity. The influence of external
fields can be taken into account by adding a potential of the
external forces to H.

Finally, adding to the right-hand side of the equation
the so-called correlation term, one can arrive at an exact
equation for the single-particle density matrix, this being
the first in the hierarchy of equations for the many-particle
density matrices.!®!

For the exposition that follows, it is convenient to re-
formulate Eq. (1), introducing a Wigner transformation of
the density matrix:’

1 —ips/h s s
f(l',p,t)='(2?)gf€ P p(l‘—l-i,l'—i,t)ds. (2)

The Wigner function f(r, p, ) resembles the distribu-
tion function of classical kinetic theory, which gives the
probability of finding a nucleon with momentum p at the
point r at the time ¢! However, in contrast to a true
distribution function, it can, in principle, take negative val-
ues.

The Wigner transform of the operators is normalized
as follows:*

. S |A
Ow(r,p)= f C_lpsm(l' +E ‘0

i d
I_E) S. (3)

Some important properties of the Wigner transformation
are given in Ref. 20. Any operator function that depends
only on  or only on 7 is transformed into the same func-
tion of the corresponding variables (p or r). A product of
two operators, ¢ = @, is transformed to the form

aw(r,p)by(r,p).
4)

The superscript of the nabla operator indicates the function
to which the given' operator is applied. Applying (4) to
(1), we find?*>

ar 2 .

E=% sSin

ifi a . wb a, wb
cw(r,p) =exp ) (Ve V, — V5 V)

#i
3 (VY V9D | Hyr. (5)
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We consider a Hamiltonian that is the sum of a kinetic
energy and a local potential. (Nonlocal terms can be
readily introduced if needed.) Its Wigner transform is the
classical version of the same Hamiltonian:

P
H W=E + W(l'),

where W is the potential of the nuclear and Coulomb

forces, and m is the nucleon mass. Then from Eq. (5) we

have

) 2 #i

a;{'l'%'v,f:% sin(i VrW'V{) W(r)f(r,pt). (6)
The approximation in which only the first term of the se-
ries expansion of the sine is retained is known as the semi-
classical approximation of Hartree—Fock theory. Then Eq.
(6) is identical to the kinetic equation for the distribution
function (Vlasov equation®?*) and provides the basis of
many nuclear models (Refs. 6, 12, 20, 23, 25, and 26). The
method considered here makes it possible to take into ac-
count any number of terms of the expansion in Eq. (6)
and, thus, to investigate the part played by the quantum
corrections to the solutions of the kinetic equation.?”?8

Moments with respect to the momenta

The next step in the description of collective nuclear
properties is to consider the moments of the Wigner func-
tion:

n(nt)= f f(r,p,t)dp,

p(r,t) =mn(r,t),

u(r,t)= f pf(r,p,t)dp/p(r,t),
1
Pi= | i mud 0= mup (e,

— gl — , . ) .
Pil...in—m " f (Pi, mu'1)(p’2 muzz)---(P:"

- muin)f(r,l),t)dp- (7)

The physical meaning of the first moments is obvious:
n is the particle number density (p is the mass density); u
is the field of the collective velocities; P; are the compo-
nents of the pressure tensor (stresses); and Py is the tensor
of the energy and momentum transport. The need to in-
troduce other tensors will become clear below.

We write down equations of motion for all these mo-
ments. A prescription for obtaining them is already sug-
gested by the superficial similarity between the purely
quantum equation for the Wigner function and the classi-
cal kinetic equation. Therefore, we shall proceed exactly as
is done when hydrodynamic equations are derived from a
kinetic equation.242%30

We integrate Eq. (6) over the momenta with weights
1, p; and pp;/m. Thus, we obtain the continuity equation
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on/dt + div(nu) =0, (8)

the equation of motion (generalization of the well-known
Euler equation)

3 w I 9 - o .
at (pup) +n ax; + - axj i+ pu;) =0, 9
and an equation for the pressure tensor:

P, Ou, du,
5t 2 (P""G_M+P""5_n)

5 9

+ kgl e (P + Pyjuy) =0. (10)
These three equations do not in any way differ from the
classical equations of hydrodynamics, though it is true that
for them the last equation is usually replaced by its trace,
the energy balance equation. A quantum correction first
appears in the equation for the third-rank tensor Pj;. The
equation of motion for a tensor of arbitrary rank » is ob-
viously obtained by integrating (6) with weight
Pijwpi/m"~ i

3
ad a
3z Pipeiy + 1;1 3 (Pi..ife+ Pi..i k)

n 3

+ 2

I=1 k=1

%y Py ip.ie— p Ty iy

n—1
—22‘,—] (= D*nl(#/2m)%/m
=T & (@Gk+DY(m—2k—1)!
32k+lW
X '1;'}1 P(11~--’zk+1)1k+2---1nW-
P ll"‘Inl 1 2k +1

(11)

Here, P, ;1 y .1, denotes a tensor with # — m indices,
which remain after deletion of the indices l;...1,, from the
set iy...1,,

P(l,lz...I,,) =p> Puy.1,_ 1, =0.

The summation on the right-hand side of Eq. (11) is over
k and over all permutations of the indices i...7,, while
[(n — 1)/2] denotes the integer part of the number i(n
—1).

For the Wigner function the natural boundary condi-
tion is f—0 as |p|— co. Obviously, for finite nuclei we
must also adopt a second boundary condition f—0 as
|r| - o0, in order to ensure that the various nuclear vari-
ables defined in (7) (n, pu, Py, etc.) are nonvanishing only
within the nucleus.

The number of equations for the moments of the
Wigner function is infinite. It is readily seen that they form
a hierarchy—the time derivative of the density is related to
the velocity of the nuclear matter, whose time derivative is,
in its turn, related to the pressure tensor, etc.

The term that “couples” the equation for the tensor
P; ; to the next equation in the chain is the tensor
P"1~--"",.,.+ ,» Which has in the integrand an additional velocity
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factor (p — mu); . Practically all physical applications
of the theory of coilectlve nuclear motion are restricted by
the following condition: The energy of the zero-point mo-
tion of the nucleons [(3/5)Tz4d =~ 214 MeV] is much
greater than the kinetic energy of the collective flow, i.e., in
typical cases |p;| > m|u;| and, therefore, the coupling
term does not have an obvious smallness. Thus, the prob-
lem arises of closing this chain of equations. In hydrody-
namics, the system of equations is closed by means of phe-
nomenological assumptions and approximations.” For
finite Fermi systems, which nuclei are, such approxima-
tions are, as a rule, invalid. A different approach is needed.
Of course, one can solve the problem by simply omitting
the coupling term, as was done, for example, in Ref. 12.
However, such a method can lead to serious errors, as will
be shown below. The closure problem was discussed in
Ref. 31, but nothing essentially new was proposed there.
An original idea for solving it was proposed in Refs. 26 and
32 and described in detail in Ref. 33. The essence of the
idea is as follows. It is readily seen that the coupling terms
occur in the equations in the form of a derivative with
respect to x; Thus, if any equation is integrated over the
volume, the integral of the coupling term is transformed
into an integral over an infinitely distant surface, where the
Wigner function f, and with it p, pu;, P;; ; vanish. It is this
fact that can be used to close the infinite system of equa-
tions.

Moments with respect to the coordinates (virial
theorems)

It was shown in Refs. 13-15 that for the study of col-
lective motion in nuclei it is very convenient to use the
method of virials, taken from Ref. 16, where it was suc-
cessfully used to solve similar problems in astronomy (vi-
brational motions of rotating self-gravitating masses). This
method is attractive because one can obtain equations of
motion directly for integrated properties of nuclei, in par-
ticular, for all possible multipole moments.

First virial

We integrate the first equation of the system (8)—(11)
(continuity equation) over infinite volume with unit
weight. The integral of div(»u) vanishes by virtue of the
boundary condition, while the first term gives an obvious
constant of the motion:

d d —-d_A 0
3?.[ n(r,t) r=— (1) =0,

i.e., the number of nucleons is conserved.

Second virial

We now integrate the continuity equation over the vol-
ume with weight x,. Integrating the second term by parts
and using the boundary condition, we obtain an equation
of motion for the coordinate J;(#) = Sxp(r,t)dr of the
center of mass of the nucleons:
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d

EJi(t) — f p(r,t)u;(r,t)dr= (12)
Obviously, it must be augmented by an equation of motion
for the integrated quantity fpudr (the momentum of the
nucleus), which is obtained by integrating Eq. (9) over the
volume with unit weight:

d aWd
dt J- pu,dr f na; r=

The integral of the coupling term §(dP;./0x;)dr vanishes
by virtue of the boundary condition. In the absence of
external fields, the second integral in Eq. (13) is the sum of
all internal forces acting in the nucleus, and it must vanish.
In this case, Eq. (13) expresses the law of conservation of
the momentum Spudr of the nucleus, and Eq. (12) gives
trivial information about the uniform and rectilinear mo-
tion of the nucleus as a whole.

The previous formulas admit a different treatment for
the distribution function and the macroscopic variables re-
lated to it: p, u, Py, etc. In particular, one can write down
equations like (1) for a system of several density matrices
that contain information about the nucleons of different
species: protons or neutrons. In this case, the neutron—
proton interaction makes a nonvanishing contribution to
the integral fp(dW/dx;)dr. Then Eqgs. (12) and (13) de-
scribe the motion of the centers of gravity of the neutrons
and protons relative to each other and can provide a basis
for study of the giant dipole resonance.

(13)

Third virial

Integrating the continuity equation over r with weight
xx;, we obtain the equation of motion for the inertia tensor
Jii(2) = Sxxp(r,t)dr:

J(t) — J (xuj+ xu)p(r,t)dr= (14)

d
dtV
We see that it must be augmented by the equation of mo-
tion for the integrated variable fx;u(r,t)p(r,?)dr, which is
obtained by integrating Eq. (9) over the volume with
weight x;:
d
7 f xupdr + % — K;; — I1;=0. (15)
Here, #";; = fxn(3W/3x;)dr is the tensor of the potential
energy. In the absence of external forces, it is symmetric
with respect to / and j. Further, K;; = fpuudr is the tensor
of the kinetic energy of the nucleus, and II i
= [Py(r,t)dr is the integrated pressure tensor—in what fol-
lows, it will simply be called the pressure tensor. The equa-
tion of motion for II; is obtained by integrating Eq. (10)
over r with unit weight:
u,) dr=
Oxy,

11, du
] z J-(tkajk

The integral of the coupling term §(dP,;/dx;)dr has van-
ished, and we are left with the three integro-differential
equations (14)-(16), which contain only the three un-

(16)

E. B. Bal'butsev 162



known functions 7, u, and P; [in view of the Hohenberg—
Kohn theorem,17 the self-consistent average field W (r) can
be assumed to be a functional of the density n(r)]. The
tensors of higher rank Py, do not occur here, and in this
sense the system of equations (14)-(16) can be regarded
as closed. We recall that the indices i and j take the values
1, 2, 3, so that this system actually contains 21 equations
[Egs. (14) and (16) are symmetric in / and j]. It is con-
venient to recombine the nine equations of (15) in sym-
metric and antisymmetric blocks. Thus, adding to (15) the
same equation with interchanged indices, and using (14),
we find

d

22 i) + 2007 — K;— 1) =o0. (17)

Then, subtracting from (15) the same equation with
interchanged indices, we obtain the conservation law for
the angular momentum:

d
zt f p(xju, —_ x,—uj)dl‘=0

By means of (9) and (16), we can also obtain?® the
energy conservation law:

(18)

d Z (K; + II;) Wd’ =0. (19)
dt u+ 1] +2 J. n (=
Fourth virial

Integration of the continuity equation with respect to r
with weight xxx; gives an equation of motion for the
integrated nuclear variable J;;(#) = Sxxxp(r,t)dr:

d
7 k(1) — J (xpxjuay + xpepu;+ xppu;) p(r,t)dr=0
(20)

Proceeding as in the derivation of all the preceding virial
equations, we obtain the equations of motion

d .
dt J‘ purxjxkdr l_]k_Klkj+ W , jk — 5; H‘t,'k':o;

(21
9 ik P 23‘, p, 2 I =0;
Etn f ,jukdr+ s=1 J- [ # axs ijxkdr_ e
(22)
d dP;
l_]k+ z J- l jk.\'a ]kaxls "dl'
ijk
f ax,ax,axk (23)

Here Ky = Spuupidr, ¥y = Snxp(OW/dx;)dr,

(t) = SP;(r,t)x;dr, (1) = SPy(r,t)dr. The indices
on the square brackets signify that a summation over them
must be made. For example,

(4 i lie=Ai jx + A + Ag iy

Equations (20)-(23) form a closed system of integro-

differential equations for p, u, Py and P;z—the higher
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-rank tensors Py ; do not occur in them. This system is
remarkable in that for the first time a quantum correction
appears in it—the term on the right-hand side of Eq. (23),
which is due to the difference between the equation for the
Wigner function and the Vlasov equation.

Fifth virial

The equations of motion for the fourth-rank tensors
are obtained in the same way as all the preceding ones:

d
5 ik —

f pu;x,-xkxxfr] =0,

ijkl

3
P f puxxxdr — [H" + f pu,-u,-xkxzdrljkl

oW
+ f nxjxkxl Ix;

a

Esz l uk+ f P,-jukx,dr]
K

+ i [f P @—ix Idr] =0
e ]saxs X U'— ’
3u,
,Jk+ E [f jksa

1 oP;
_f Py xldrluk M — nyWﬂr

(24)

“am’ f = ’ax,ax,axk

] 3 du;
ot 3 | [ (P,

We have here introduced the notation

Hf;’(t)= f Py(r,t)x;xdr,
,jk(t) = f P,Jk(r t)xdr,
My0)= [ Pyutr,

Jijra(2) = J- p(r,t)xxxxdr.

We do not require the systems of equations for the
tensors of still higher rank. It is readily seen that the pro-
cedure for deriving them is extremely simple and can be
readily continued.
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Characteristic features of the virial equations of the
moment method

We now discuss and evaluate our results. Initially, one
partial differential equation for a function of seven vari-
ables, f(r, p, ), was replaced by an infinite system of
equations for the moments of this function in the momen-
tum space: n(r, t), u;(r,t), Pi;---in("t)‘ This system has long
been known,**** but is not very popular precisely because
it is infinite and there was no satisfactory prescription for
working with it (well-founded prescription for truncating
it).

Then, in place of the infinite system of equations for
the functions n, u, P; ., we have introduced another in-
finite system of equations, but now for the moments of
these functions in the coordinate space, i.e., for all possible
moments of the functions f in the phase space (r, p). As
regards the infinity, this system is, of course, no better than
its predecessor. But it does possess a remarkable feature
which makes it exceptionally convenient for practical
applications—it decomposes into independent finite sub-
systems of integro-differential equations for the functions
n(r, t), u(r, ), P,-l,-z(r,t),...,P,-l.__,-k. However, a question
arises: If we find solutions of the subsystems for n, u, . . .,
P; ;andforn,u,... Pir--"k+ ,» will the functions n, u, etc.,
found by solving the different subsystems be the same? One
can say with confidence that most probably they will not.
Is there a contradiction here? No! For the solution of each
individually taken subsystem is not unique. Only a solution
that satisfies all (i.e., an infinite number) of subsystems can
be unique. Obviously, it is equivalent to the solution of the
original differential equation.

From the formal point of view, all these subsystems are
simply sets of dynamical integral relations that the exact
Wigner function must satisfy. We are interested in them
only to the extent that they describe the moments of this
function. Indeed, knowledge of all moments of the function
f is equivalent to knowledge of the function itself. If our
problem is such that its solution requires knowledge of
only some moments of the function, then it is quite unnec-
essary to find this function itself in order to calculate the
required moments. It is natural to attempt to write down
equations of motion directly for the moments. It is obvious
that our subsystems are the required equations of motion.
However, when these subsystems are viewed in this way it
turns out that they cannot be regarded as completely in-
dependent, and one can speak merely of approximate in-
dependence. Let us consider in more detail a subsystem, for
example, (14)—-(16). What does it describe? If we judge
from the terms with time derivatives, then, of course, it
describes the dynamics of the tensors J;, fxupdr, and
I1;;, which can be called collective variables of the problem.
Such an answer will be completely rigorous only if all the
tensors present in the equations, ¥, K
SPy(0us/dx;)dr, can be expressed in terms of the three
variables just listed. This can indeed be done for the har-
monic oscillator. To see this, it is sufficient to rewrite Eq.
(11) in the equivalent form
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3 n
d . 1 aw _
iy T s§1 ax, Py is+ ™ Z _éx_z, Py i,

=1

o~

SUSY

+ (q.c.)=0, (25)

where T’il_._i"(r,t) = J Pi,.D; / (r,p,t)dp, and the expression
for the quantum correction (q.c.) is the same as in (11)
(with replacement of P;;_; by Py ;). If W = ar?, then the
quantum correction disappears, and the equivalent of the
subsystem (14)—(16) takes the closed form

d .

dt
dﬁf 2OLJ i, =0
ar it i — =0

d . 2a .
P Im; + - (TH + II}) =0.
It is interesting to note that in the case of a Coulomb or
gravitational interaction between the particles the average
field within an object with a homogeneous particle distri-
bution (i.e., n = const) has precisely a quadratic depen-
dence on the radius. It is for precisely this reason that the
moment method proved so effective in astronomy.!® In the
case of an arbitrary interaction, the problem posed above
does not have an exact solution. If, say, we represent the
average field U(r) in the form of a polynomial in r, then all
terms rk with £>2 will introduce into the subsystem
(14)-(16) tensors of rank higher than two, and thus the
given subsystem is coupled to all the others. But this is by
no means the decoupling that exists in the case of the
system of equations for the functions #, u; P;; ;. For here
it is clear that any truncation of the system of equations for
the moments is equivalent to some approximate descrip-
tion of the difference between an oscillator field and the
true average field, and, moreover, the correctness of the
approximation can be checked. Thus, although the exist-
ence of the almost independent subsystems does not
amount to any gain from the purely mathematical point of
view, it is convenient from the practical point of view. The
closure problem, in which it was not even clear how one
should attack it in the case of the infinite hierarchy of
equations for the functions n, u;, P 4, is now reduced to
the more or less familiar problem of finding an acceptable
approximation for the potential. Its solution, in turn, is
determined by the physics of the investigated phenomenon.

The problem of transforming almost independent sub-
systems into truly independent ones can be solved compar-
atively easily if one is studying small deviations of a nu-
cleus from the equilibrium state (small-amplitude motions,
when the equations can be linearized with respect to the
amplitudes), to which the main attention in this review
will be devoted.

It should also be emphasized that closed systems of
equations can be obtained for the tensors ﬁi’l‘ﬁ;’"
= [§f( r.p,0)p;...PiX;,  --X; dpdr, where k takes all values
fE‘qm' 0 to n, with, moreover, _ II’l""nEJ,-lm,-n/m, and
II?I""" = fpu;x,...x; dr, II}};-‘Z"" = [Py ;x;..x; dr, etc. There-
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fore, the dynamics of the inertia tensor of rank n, Ji.. i,y can
be described only in conjunction with all the tensors
I+ (1<k<n). The tensors P, ; (k>2) describe the
etlormatlon of the Fermi surface of multlpolanty 2<ALk.
Therefore one can say that to describe the evolution of the
moment of the nucleus (in the coordinate space) of mul-
tipolarity A it is necessary to take into account the defor-
mations of the Fermi surface of all multipolarities up to A.
We note finally that in such an approach the kinetic-
energy operator is treated exactly, all the approximations
being related exclusively to the average field. This is im-
portant, because the kinetic-energy operator is much more
sensitive to all approximations, and they can, accordingly,
lead to large errors.

Small deviations from equilibrium

The virial equations can be readily adapted to describe
small-amplitude motions. For this, it is necessary to vary
them in accordance with the rules of variation of integrated
quantities.'® In the case of an infinite volume of integra-
tion, these rules are extremely simple—it is necessary to
replace n, u;, P; i in the integrands by their Eulerian vari-
ations 6n, éu;, 6P; . Thus, the variation of the fourth
virial, after neglect of the terms quadratic in the variations,
takes the form

d

d—t&’ijk -

f xixj(ufco):sp +p@buy)dr| =0;
ijk

d
d_t J. (p(o)au,- + u,(o)ﬁp)xjxkdr -— 6K,'j,k - 6Kik,j+ 8%,',]']‘
— 81T, — 8T =0;

d 3
il f (P 6uy + uY8Py)dr + E J‘ [P‘°)

au®
+ ax. 8Py kadl' — 811 =0;
ij
86u 3u,§°)
6[1 a_xs 8Py,
b 0P 1 op®
( (0))2 _]k ax ;(UY jk a_xs
1 88P
dr =056y k- (26)
P ijk
Here Sy ik = (#%/4m?) § (6nd° W(O)/ax,ax X5

+ n'O38W/xdxpx)dr, 8Ky = S(p© Su;
+ p(O) (0)6u + (0) (0)8p)xkdr’5%/" jk
= fx,xk(énaW(o)/ax, n®38 W/ax,)dr The superscript
(0) means that the given quantity is taken in the equxhb—
rium state. In what follows, we shall consider only equi-
librium states with u{” = P{’ = 0, so that Eqs. (26) are
somewhat simplified.
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The variations 6n and du; are not independent. A re-
lation between them can be obtained by means of the con-
tinuity equation:'®

: 9;
én= —div(ng), Obu,= L (27)
where &(r,t) =dx; is an infinitesimal displacement.
We also introduce the collective variables
Vijx= f pEx;...xdr. (28)

They are natural for our problem, since the variation of the
inertia tensor is a linear combination of them:

8Jy.k= J‘ xxj...xdpdr

2 3
— Z:l fpgsa—xs(xpcj...xk)dr= Vo (29)

where Vj; i = [V} ;..ilij.x Substituting (27) in (26), we see

that the first equation is satisfied identically, while the re-
maining ones take the form

& i .
P Vi,jk + 6Wi,jk hn (SHU— 6H{k=0,

pr 5n’° f P& dr
§.
PO — 811,;,=0,
s—l dt f l Xs if ik
d 11 £0)
77 O — Z O] [‘mpf ax, 4iv(PE)
s=1 p p
P<°> o) 3P,
ij

The variations 6%,  and Sy depend on the specific
form of the self-consistent average field and are, obviously,
functionals of £ The collective variables in (30) are
Vi jio SII{;-, and 811,;. The problem now is to express all the
integrals in (30) in terms of these variables.

As we have already said, in the general case this prob-
lem does not have an exact solution. However, there exist
two factors that enable us to construct an approximate
solution that, in principle, will be arbitrarily close to the
exact solution. These are the finite size of the nucleus and
the small amplitude of the studied motions. The second
factor was already exploited in the derivation of the linear-
ized system of equations (26). The importance of the first
factor becomes obvious if we represent the unknown func-
tion &;(r,z) in the form of the series

3 3
E(r)=L(1) + Zl Lijnx+ X Ly u0xp
j= Jk=
3

+ X Ly Oxxex+ o (31)
b
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where L; j ; are unknown functions of the time. How
many terms of this series are important for construction of
the solution? The answer obviously depends on the type of
motion that is studied. Practically all the existing models
(Refs. 5, 31, and 35-40) predict a radial dependence of §
in the form of a Bessel function, which corresponds for-
mally to an infinite series (31). However, on closer exam-
ination it turns out that only a very small part of this
function, with a small number of characteristic points
(maxima, minima, zeros) or none at all is situated within
the nucleus. It is clear that this “piece” of the Bessel func-
tion can be approximated to an arbitrarily good accuracy
by a finite number of terms of the series (31). Bessel func-
tions were mentioned only as an example—the main crite-
rion for determining the necessary number of terms of the
series must of course be agreement with the experimental
data and internal consistency of the proposed scheme of
calculation.

We clarify this last remark. Suppose we have decided
to restrict ourselves to the first three terms of the series
(31). We integrate it over r with weights p, px;, pxx;. As
a result, we obtain a system of linear equations that enables
us to express the variables V), V; ;, and ¥ j uniquely in
terms of L, L; , and L; j; and vice versa. It follows from
this that the approximation adopted for &; obliges us to
write down dynamical equations for all the tensors ¥V,
Vi » Vi jio since otherwise the system would be incomplete.
It is easy to formulate a general rule: If in the series (31)
thetermsupto L, ;; ; are retained, then it is necessary to
have equations for all tensors from V; to V;;; ;. The
converse is also true: If we have written down a system of
dynamical equations for the tensors from V; to V; it
then in the series (31) it is necessary to retain all terms
from L;to L; ;; ;. If we keep a smaller number of tensors
L; jx . then from the system of equations that relate
Vij.xand L; ; , we immediately find that not all tensors
V. .k are independent and, therefore, the system of dy-
namical equations for V; ;  is overdetermined. Thus, we
have shown that there exists a one-to-one correspondence
between the number of terms of the series (31) taken into
account and the number of moments of the Wigner func-
tion for which dynamical equations must be written down.
The more complicated (in the sense of the picture of the
flow displacement distribution) motion that we wish to
investigate, the larger the number of moments that must be
taken into account. Naturally, the converse is also true:
The greater the number of moments covered by the equa-
tions of motion, the more complicated the motion of the
nuclear matter that we can describe.

All these arguments can be repeated practically un-
changed for the expansion of 6P;(r,z) as well:

3
8P;(r,t) =nO(r) | Dy(2) + kz Dyx(1)x,
=1

3
+ “Z Dij,k1(t)xkx1+---] . (32)
=1

The factor n'% (r) is introduced here with the obvious aim
of guaranteeing vanishing of 8P; outside the nucleus. In
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the case of the expansion of £, this was not needed, since &
never appears in an integrand without n® or ..k Inte-
grating (32) over r with weights 1, x;, x;x;..., we can ob-
tain a system of equations that uniquely relate the func-
tions Dj;; () to the tensors 81'[5"".

We now note an important detail. Expanding the ten-
sors Bﬂfjjf'k(r,t) in series in x; and truncating them, we thus
make certain approximations for the Wigner function in
the coordinate space—in the momentum space it is treated
exactly, without any approximations. This is the funda-
mental difference (and advantage) of our method from the
well-known “‘scaling approximation” (Refs. 5, 9-11, 35,
36, 39, and 41-46).

It now merely remains to substitute the first three
terms of the series (31) and the first two terms of (32) in
Egs. (30), add to them the variations of the systems of
equations (14)-(16) and (12), (13), and show that we
have obtained a closed system of equations for the tensors
Vi Vip Vi jo 811 81I%, and 811 In what follows, we
shall consider only nuclei with triplanar symmetry (in the
equilibrium state), so that the equations for the tensors of
even and odd ranks decouple.

2. VIRIAL EQUATIONS FOR SECOND-RANK
TENSORS; APPROXIMATION OF AN
INCOMPRESSIBLE NUCLEUS WITH SHARP EDGE

In this section, we shall study quadrupole vibrations of
rotating nuclei by means of the virial equations (14)—(16).

To this end, we write them in a rotating coordinate
system:

d
E;J,-j— f p(xu;+ xu;)dr=0,

d 3
7 f pxudr + % — K+ 11;;+ 2 z €1l

sk=1
3

X f pupxdr + 3 QO — Q%,=0, (33)
k=1

d n i P du j P au,' d
i it k=1 J. ( ikaxk+ 7 3y r
3
+2 2 Oledlyl;=0,
s,k=
where ¢ is the Levi-Civita symbol, and {; are the com-
ponents of the angular velocity.

These equations enable us to investigate both the equi-
librium state of the rotating nucleus (the state of “secular
equilibrium”), and small deviations from it—the giant
quadrupole resonance and the low-lying modes. To get a
feel for the way in which the method works, and to dem-
onstrate its possibilities, we shall work in the approxima-
tion of a sharp edge of a nucleus with homogeneous den-
sity, treating the nuclear matter as incompressible. This
will enable us to obtain practically all the results analyti-
cally; moreover. such an approximation is entirely ade-
quate for many physical problems.
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Secular equilibrium and shape of rotating nuclei

By equilibrium we here understand a state described
by Egs. (33) with no time dependence. In astronomy, such
a state of rotating bodies is called secular equilibrium. For
Q =0, this would be the ground state of the nucleus. We
shall consider the simplest case when the nucleus rotates as
a whole, i.e., in the equilibrium state u,fo) = 0. Then the
kinetic-energy tensor Kj; vanishes. The potential-energy
tensor consists of nuclear and Coulomb parts:

where % ; = f nxj(aU/axi)dr, U is the average nuclear
field, and

( )
Cj= (7”) fdrn(r)xja Jdr .
Ze,\% 1
_ (—;p) iffn(r)n(r’)

(xi— x{) (x;— x})

lr—r|°

drdr’.

The tensor % ;; can decomposed into surface and volume
parts:

aUd
@U—no JV xja; r

S 4
5,%.

=ny

=20;—

Here, §, denotes integration over the volume in which the
density » is nonzero, and s; are the components of the unit
vector of the outer normal to the surface .S, which bounds
the given volume. We direct the rotation axis along the
X3 axis, sothat 13 = Q, Q, = Q; = 0. The equilibrium equa-
tions (33) take the form

20— 8;% o+ Cyj— I+ Q*(85 — 1)J;=0,
(34)
3

Q 2 (513: 1+ i)=o-

s=1

(35)

Equation (34) represents the balance of the pressure, Cou-
lomb, nuclear (surface and volume), and centrifugal
forces.

We shall mainly consider nuclei that have spherical
shape in the ground state (for ) = 0). Deformation occurs
in them only because of rotation. The effectiveness of the
method is largely determined by the choice of the param-
eters that fix the shape of the nucleus: The greater the
number of parameters required to reproduce accurately the
precise shape of the nuclear surface, the larger the number
of equations (moments) that must be used for the calcu-
lations. From the mathematical point of view, the most
fully developed approximation of the shape of the surface
is by ellipsoids,'®4’*° which we shall use. We relate the
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semiaxes a; of the ellipsoid to the deformation parameter &
and nonaxiality parameter ¥ as follows:

2 _ 2 4 o
ai,=ay 1—§5cos('y:i:120) )

2_ 2 4
a3=ao(1 —§8cos y) . (36)
The parameter ay can be expressed in terms of  and y by
means of the condition of conservation of the volume:
a,a,a; = R = r 34, where ry = 1.2 F, and R is the radius of
the sphere.

For such a parametrization of its shape, the nucleus
possesses triplanar symmetry, and the integrals o;;, C;;, and
J;; are nonzero only for / = j. But it then follows from (34)
that the tensor I1;; must be diagonal: IT;; = 5,11

Thus, the nondlagonal components of the tensor (34)
can be satisfied identically, and only the diagonal compo-
nents remain. Subtracting the component with i = 3 from
the components with i = 1 and i = 2, we obtain two rela-
tions between the shape parameters 6 and y and the angu-
lar velocity Q:

Qlel=2(all - C"33) + (Cll R C33) + (H33 - Hll)’

QU =2(09 — 033) + (Cp — C33) + (I3 — sz()é )
;

Note that the volume part of the nuclear potential does not
occur here at all. Further, it follows from Eq. (35) that
I1;; = II,,. There are also no restrictions on Il;;. Therefore,
we can set IT,; = II,, = 133 = I1,. At the least, this does not
contradict common sense, which suggests that in nuclei
without static deformation the pressure must be isotropic.
Then the pressure tensor also disappears from the relations
(37), and we arrive at the conclusion that the shape of the
rotating nucleus is determined by the competition between
the surface, Coulomb, and centrifugal forces, in complete
agreement with the liquid-drop model of the nucleus.®

Once we have adopted the approximation of a sharp
edge of the nucleus, then, to be consistent, it is sensible to
parametrize the nuclear potential on the surface of the
nucleus by a surface tension:*°

nU|s=T div s + const. (38)

The coefficient of surface tension is T = b/4mr3, where
b=17 MeV is the coefficient of the surface ( ~ 4%/%) term
in the von Weizsdcker formula. Naturally, the constant
term drops out of the difference formulas (37). With such
a parametrization, the tensor of the surface forces takes the

form*’

1
oy=3 T fs (8;— s5,)dS. (39)
Expressions for o;; and C;; in terms of the ellipsoid
semiaxes were derived in Refs. 16 and 49. They are given in
Appendix 1. Using them, and the fact that J;
= (1/5)mAa?, we obtain the final expressions

V= y— of ;+ 2X(a%A; — d*4;), i=12. (40)
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Prolate spheroids

<Y Oblate spheroids

FIG. 1. Dependence of the theoretically known rotational fission param-
eter Y = I?/2I} of a nucleus of spheroidal shape on the deformation
parameter 6 for different values of the fissility parameter X: I =JQ,
Io=3mARYQ, O3 = 100T/mA,J = imA(& + ad).

Here, 0 = 0%/02, O} = 107T/mA, X = 27¢*R*/15T
=~ 0.0206Z2/A is the fissility parameter, ¢ = enZ/A is the
charge density, e, is the proton charge, and .«/; and 4; are
single-index symbols which can be expressed in terms of
elliptic integrals.

The multiple-index symbols .., % ..., Ajj..., Bjj..
were defined in Refs. 16 and 49 (see Appendix 1).

As an example of the solution of Egs. (40), Fig. 1
shows the rotation parameter (ratio of the rotational en-
ergy to the surface energy) Y as a function of the defor-
mation for oblate and prolate spheroids and different X.
Equations (40) describe numerous physical phenomena,
including bifurcation, giant backbending, forebending,
shape isomers,... . A complete analysis of their solutions
can be found in Refs. 14, 15, and 26.

Small deviations from the equilibrium state; 2+
excitations of rotating nuclei

It was shown in Sec. 1 that to describe various small-
amplitude motions one can use the variations of the corre-
sponding virial equations. For quadrupole vibrations, these
were Egs. (33). Varying them in accordance with the rules
given there, and retaining only the terms linear in the vari-
ations, we find
3

& Q2 5 Y eaiV

FV:',,'—'IT,','— Vi(1 —83) +2Q 2 EaiVi, j
d u aéj 0k,
amvt [ (gt e, )
3

+20Q X (i + Epumi) =0. (41)
k=1

Here ;= 611;;
Further, following the same rules, we retain in the

expansion (31) only the first two terms. The first does not
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contribute to any of the integrals (41) because of the
triplanar symmetry of the nucleus, so that we can take

3

&= 2 Lixs (42)

Integrating this equation over the volume with weight
pxj we find a simple relation between V; jand L; ;:

1
Vi =Ly Jy=L; mA(x) =L,;3 mAa’.

With allowance for (42) Egs. (41) become a system of
differential equations:

3
Viji—mi— Q1 =83)V;+20 X eV ;+ 280y
k=1

. 51, Vz j Vz :
T+ mA ( 012' + a—’z) +20 kél (Eaimiy + £pemia) =0.

(43)

Expressions for §C;; and 80;; in the approximation of a
sharp edge of the nucleus were obtained in Refs. 16 and 49
and are given in Appendix 1.

The collective coordinates m;; are the variation of the
pressure tensor P;; due to the change in the velocity distri-
bution of the nucleons. If it is assumed that in the equilib-
rium state the nucleons fill a certain sphere in the velocity
space uniformly (Fermi-gas model), then for the equilib-
rium value of the pressure we obtain

My=75 m4 vk
where vy = #(97)"3/2mry is the Fermi velocity. Small de-
viations from the equilibrium state for the velocity space
mean small displacement dv, which can lead to only a
small change in the shape of the Fermi surface. It is natural
that this entire procedure has become known as the “dis-
torted-Fermi surface model.”!"!? Here, it is necessary to
note a fundamental difference between this model and the
theory of a classical liquid drop. The Euler equation for the
latter also contains the pressure. But there it is not an
independent variable but can be expressed by means of the
equation of state (a static equation!) in terms of other
variables that describe the classical liquid drop (for exam-
ple, in terms of the density in barotropic processes). But
here the pressure tensor is an independent variable and is
determined by a dynamical equation that must be solved
simultaneously with the Euler equation. Thus, additional
degrees of freedom appear, and as a result the spectrum of
the droplet of Fermi liquid, which the nucleus is, is richer
than the spectrum of the classical liquid drop.

It is helpful to recombine the 15 equations (43) in such
a way as to form a system of equations in terms of irre-
ducible tensors. It is well known®! that from the nine com-
ponents of an arbitrary Cartesian second-rank tensor (such
as V; jis) one can construct one tensor of zeroth rank, one
pseudotensor of first rank, and one irreducible tensor of
second rank. This means that Eqgs. (43) must describe
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0%, 1%, and 2% modes. However, they actually give in-
formation only about the 2+ modes, since the approxima-
tion of incompressibility adopted here precludes the 0
mode from consideration, while 11 excitations do not
arise because of the conservation of the angular momen-
tum of the nucleus. Relations between the tensors ¥V, ; and
the irreducible tensors are given in Appendix 2.

The system of equations (43) decomposes into two
independent subsystems, which describe excitations of pos-
itive and negative signature. For a; = a,, the first sub-
system, in its turn, decomposes into two parts, which de-
scribe B and y vibrations.

Information about the normal modes can be obtained
by investigating periodic solutions of the subsystems with
time dependence ¢®’. The normal frequencies are found
from the corresponding characteristic equations. As an ex-
ample, we give the characteristic equation for the y vibra-
tions:

F (0, 0)F (0, — Q) =0,
where
F(0,0) =0 — 600’ + 20(50> —d; — g)
+8Q(d; — 0%,
=03 —2XByy), g=vi/d’.
When Q = 0, we obtain a single fivefold degenerate level:

_x1\2
15

2 1

_ 25| UF 2
fior =#V2| 27 + 805 (44)

It describes well the experimental positions of the centroids
of the giant quadrupole resonances in nuclei. The contri-
bution of the deformation of the Fermi surface to wgy,
corresponds to the first term in the brackets; in order of
magnitude it is larger than the second term, indicating a
weak influence of the Coulomb and surface forces on the
giant quadrupole resonance. If these forces are ignored, the
results of Refs. 16 and 12 are reproduced:

fiwg,,=64.74" 2 MeV.

Figure 2 gives solutions of Egs. (43) for Q540 for the
nucleus **Er (X = 0.62).

The giant quadrupole resonance breaks up into five
branches due to the appearance of deformation of the nu-
cleus and the action of Coriolis forces. Two low-lying
modes appear. In the spheroids of each branch of the giant
quadrupole resonance one can determine a definite value of
the projection of the multipole moment of the excitation
onto the rotation axis: p =0, 1, £2.

The normal modes of the vibrations about the ellipsoi-
dal equilibrium shape are fitted to the corresponding
modes of the spheroids at the bifurcation point, where
Q%=d3.

It can be seen that the excitation energy of the low-
lying ¥ mode can take negative values. This is due to the
fact that for I > I the equilibrium ellipsoidal shape be-
comes energetically more advantageous than the spheroi-
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FIG. 2. Dependence of the spectrum of quadrupole vibrations on the
angular velocity for '**Er (X = 0.62). The continuous curves correspond
to oblate spheroids, and the broken curves to ellipsoids; #Q, = 2.83 MeV.
The indices + and — indicate the sign of the projection of the multipole
moment. The additional abscissa gives the angular momenta correspond-
ing to the given angular velocity of the spheroid (I;,) or ellipsoid
(Zen)-

dal shape. The presence of the low-lying ¥ mode indicates
that the Fermi liquid drop is soft with respect to nonaxial
deformation.

The excitation energy of the second low-lying branch
(a mode) vanishes at @ = Q, = (1 — @¥/a?)2vp/as, to
which there corresponds I, ~ 0.44(1 — X). When I is
somewhat greater than I, it can be approximated by the
formula

fiw, ~#Q (1 — My/M,),

which is characteristic of the energy of the precession
mode of the rigid body>> with the same mass distribution
(M; are the moments of inertia with respect to the axes 7).
Thus, allowance for the Fermi motion endows the drop
with properties characteristic of a rigid body.

A deeper analysis of the physical properties of the
quadrupole normal modes is impossible without knowl-
edge of the probabilities of their excitation. They can be
calculated in three ways. The first is to quantize the equa-
tions of motion (43), as was done in Refs. 25 and 26. The
second is to use the classical expressions for the transition
intensities.’® The third method is the most suitable for our
approach; it is to apply the theory of the linear response of
the system to perturbation of it by an external field

O(t)=0e~ ' 4 OFe™.

A convenient form of response theory was given by Lane.’
The matrix elements of the operator O satisfy the relation

4
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| (¥,] O] %) | *= lim #i(w — ,) ()| Oe ' |p),

[ad 2P

(45)

where 1 and 9, are the unperturbed wave functions of the
stationary ground and excited states; 9 is the perturbed
wave function of the ground state; o, = (E, — E;)/fiare
the normal frequencies of the system; the bar denotes av-
eraging over a time interval much greater than 1/w; o is
the frequency of the external field O(z).

To use Eq. (45), it is necessary to solve two problems:

1) to express the matrix element (Y| O|¥}) in terms
of integral variables of the system, i.e., ¥ , 8II;, etc;

2) to find solutions of the equations that describe the
time evolution of these variables in the perturbed state.

To solve the first problem, it is sufficient to note that

(W0 vy = f dr f dr'p(r,r',t) O(r',r)

= [ ar [ avo0rw
=f dr f dp exp

- Vg'V{) IOW(I'yP)f(l',PJ),

%
—(v0.vf
2 (V¥

if O is a single-particle operator. Here, we have used Eq.
(4), and Oy is the Wigner transform of the operator O.
To solve the second problem, it is necessary to add the
potential O(#) to the Hamiltonian in Eq. (1). Then on the
right-hand side of Eq. (5) there appears the term

2 (%
7 sin{> (Ve-V) = Vp-9))

X [Ow(r,p)f(r,p,t)e ' +cc.]. (46)

Making the same calculations as before, we obtain equa-
tions for all the moments of the Wigner function needed to
calculate (§|O|1,). The only new element will be the
presence of the term (46), which makes the equations for
the moments inhomogeneous.

For 2+ excitations, it is necessary to take as perturba-
tion the operator of the quadrupole electric moment:

Gu=(Z/A)ey Yy,

Its Wigner transform g,,(r) is given by the same expres-
sion, and for the matrix element we have

<W%%hfhf@mmmw)

= f drn(r,t)g,,(r)

=Q2(’2.) + 8Q2y.(t)-

Solving the inhomogeneous equations corresponding to the
system (43), we can find all the tSsz, and, by means of
(45), the reduced transition probabilities. For example, for
the ¥ mode we obtain
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: 3427 dl(o) +40Q)
A 2__
|<¢Yl|q2+2|¢o)| —2‘”- mA (wl—wz)(wl_w3) )

Here, w; are the roots of the equation ¥ (@, — Q)=0.
Naturally, the factor (w;+4Q)/(0; — 0,) (w0 — @)
must be positive. This requirement gives rise to selection
rules. Thus, it is readily seen that this factor is negative for
the root of smallest absolute magnitude, since the two
other roots (larger in absolute magnitude) always have
opposite signs. Therefore, the lowest ¥ mode cannot be
excited by the operator g, ,! It is easy to show that it is
excited by the operator g, _,, i.., with a decrease of angu-
lar momentum by 24, as is reflected in Fig. 3, which shows
pieces of the spectrum of collective excited states of sphe-
roids at two characteristic values of /. At the lower spin,
the unexcited state belongs to an yrast sequence; at the
higher spin, to a sequence of stationary axial configurations
that are not yrast configurations of the nuclei. The second

case is noted in Fig. 3 (“yrast-axial”).

It can be seen from Fig. 3 that, owing to the presence
of soft modes, it is possible at all values of I for transitions
to occur that lead to excitation of the ¥ mode and reduc-
tion of the angular momentum by two Planck units, the
energies of such transitions being E, ~ 27, i.e., very close
to the energy of transitions along the yrast line.

The second low-lying branch (@ mode) also makes it
possible to realize transitions practically along the yrast
line, but in this case with E, ~ 1#Q and with AI = 1#. The
possibility of such transitions in connection with just such
low-energy wobbling modes of nonaxial nuclei was dis-
cussed in Ref. 55.

There is quite good experimental support for the exist-
ence of low-lying modes. Figure 4, which is taken from
Refs. 56 and 57, shows the spectrum of ¥ rays that de-
excite high-spin states of the '**Er nucleus produced in the
“OAr + !33n reaction after the emission of four neutrons.
Analysis of the anisotropy of the radiation shows that the
region of the peak with higher energy is formed almost
exclusively by quadrupole transitions with A = 2% pos-
sessing a high degree of collectivity (about 140 Weisskopf
units), in quite good agreement with the properties of the
low-lying ¥ mode.

In the region of the lower peak, it is necessary to allow
a significant contribution of transitions with A7 = 1#. The
intensity of the lower peak increases rapidly with increas-
ing angular momentum, suggesting that the effect could be
sustained by the precession mode. Finally, the ratio of the
energies at which the peaks are observed agrees with the
theoretical ratio: E,/E,, ~ 2.

Much interesting information is supplied by analysis of
the model-independent energy-weighted sum rule’®

1
2 (Ei_E0)|<i|F|o)|2='i (0| [F,[H,F]1]|0).

In our case, F is the operator of the quadrupole moment.
Calculations show that the single 2 level (for Q =0)
that we identified with the giant quadrupole resonance
completely exhausts the sum rule. This is not surprising;
for the equations of motion were from the very start de-
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rived for multipole moments, so that the excitations de-
scribed by them must exhaust the corresponding sum rule
to 100%.

If approximations were made in their derivation, then
only in the potential, and this should not affect the sum

FIG. 4. Spectra of y rays for some initial spin values of the states from
which a cascade begins.
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FIG. 3. Allowed electromagnetic transitions between equilibrium and
excited states for two characteristic values of the rotation velocity for
I4Er (X = 0.62); spheroids.

rule (provided the potential does not depend on the mo-
mentum). But what does this fact of 100% exhaustion
mean? The answer suggests itself: In writing down and
solving the equations of motion for the quadrupole mo-
ment, we find the positions of the centroids of all possible
2t states in the nucleus. When we determine the displace-
ment vector in more detail [continue the series (31)], and
also take into account other degrees of freedom (spin, isos-
pin), the centroid will be split into a larger number of
2% levels. For example, allowance for the isospin degrees
of freedom leads to splitting into isoscalar and isovector
resonances with approximately equal strengths without
significantly changing the position of the centroid of the
isoscalar giant quadrupole resonance.

Here, the following fact should be noted. In the case of
ellipsoidal configurations, the modes shown in Fig. 2 do
not exhaust the sum rule! The fact is that the system of
equations (43) admits not only solutions of vibrational
type ( ~ €*’) but also nonvibrational solutions; a detailed
analysis of them and a derivation of the corresponding
spectra and mass parameters can be found in Ref. 26.

Spreading widths of quadrupole excitations of
rotating nuclei

To take into account the spreading width of resonances
in the framework of our approach, it is necessary to modify
the equation for the density matrix [see Eq. (1)], by adding
a so-called correlation term* on the right-hand side. The
Wigner transform of the correlation term can be called a
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collision integral in view of the manifest analogy between
Eq. (6) and the Boltzmann-Vlasov equation.59

The collision integral of classical kinetic theory con-
serves the density, momentum, and kinetic energy of the
matter at each point of space. The collision integral is given
analogous properties in nuclear models in view of the short
range of the nuclear forces. Thus, we assume that

f dpI( f)=0,
f dpl( f)p;=0, i=123,

3
> f dpI( f )pt=0.
s=1

Taking into account (47), we can show that Egs. (8)
and (9) are not changed at all when the collision integral
is included. Equations (10) and (11) for the tensor P i
acquire a right-hand side equal to

(47)

ml-n f ICf)(pi — mu;)...(p; — mu; )dp.

A convenient (in the sense of application of the mo-
ment method) representation of I( f ) is the expansion

ICf)=a( f—fO) + bof@(x,p)

n

d
by ——=— fO(r,p),
+{% ”ap,-l...apﬂ (r,p)

where f{% (r, p) is the distribution function for the station-
ary state, and the sum is taken over all possible sets of
indices subject to n>1. In classical theory, the coefficients
a, by, by, are functions of » and ¢, while in the quantum
case they are functionals of §f=f — f%, containing in-
formation about the entire “prehistory” of the system.
For such a parametrization of the collision integral,
Eqgs. (47) are satisfied if the following relations hold:

'n

by= — abn/ny,

3 3
am én
=5 2 | — PP — 5Pii) .
=1 no

bi= maau,‘,

Here, we have ignored the terms quadratic in the varia-
tions. We analyze the dependence on the angular momen-
tum of the width of the collective excitations of quadrupole
type under the assumption that a = — 1/7 = const, b;
= 8;(am/6ny)Z3_,((6n/ny) P — 8P,,), taking all the re-
maining functions bj,) = 0. This approximation is a cor-
rected (with respect to conservation of the matter density
and the momentum and kinetic energy of the colliding
particles) form of the “relaxation time” approximation,
which is popular in physical kinetics’*% and is often used
in nuclear models.**%* We regard r as a parameter which
we determine in such a way as to reproduce the widths of
the giant quadrupole resonance observed experimentally in
the absence of rotation.

The vibrational solutions of the transformed system
(43) become complex. We identify the real part of the
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frequency with the excitation energy E = # Re w, and the
imaginary part with its width (Ref. 63): I' = 2% Im w.

The calculations of Ref. 64 show that there is no clear
correlation between the widths of the individual branches
of the resonance and their energies. However, the widths of
the low-lying vibrational modes are appreciably less than
the widths of the branches that represent the giant quad-
rupole resonance. The relation I < AE,,, where AE}, is the
energy carried away by the y rays in a collective transition
that de-excitates or excites a vibrational mode, is satisfied
for all branches of the spectrum of quadrupole vibrations.

It should be noted that already at the bifurcation point,
i.e., at I~707 (for '**Er) the spheroidal configuration be-
comes unstable with respect to quadrupole vibrations (the
width of the low-lying ¥ mode becomes negative).

The ellipsoidal configurations are stable with respect to
excitations of quadrupole symmetry in the entire range of
angular momenta allowed by the conditions (40) of secu-
lar equilibrium.

Nuclei with static deformation

We consider nonrotating nuclei possessing static defor-
mation.%

We begin with an analysis of the conditions for equi-
librium. They can be readily obtained from (34) by setting
Q=0andi=

20',',' — @0 + C,',' - Hii=0’ i= 1,2,3. (48)

In the case of a spherical nucleus (6 =0), all three
equations (48) are the same:

Iy — 20(0) — C(0) + % (=0. (49)
Here o(0) = 27TR? C(0) = —3iXnTR

Subtracting Eq. (49) from (48), we obtain

I;=2(0;— o(0)) + (C; — C(0)) + I, (50)

This relation demonstrates very well the part played by the
various tensors in the appearance of static deformation of
nuclei. First, we note the absence of a tensor of volume
nuclear energy. Therefore, as we have already noted, it has
no significance for the description of nuclear shapes. More-
over, one can show that Coulomb and nuclear surface
forces are also not decisive for the appearance of static
deformation. Indeed, let us consider the difference of any
two equations in (50):

I} — M33=2(0y; — 033) + (Cyy — Cs3). (51)

If the pressure tensor is assumed to be isotropic, i.e., ITj;
= II,, = Il3, then (51) reduces to

2(01) — 033) + (Cyy — C33)=0.

Earlier (see Sec. 1), it was shown that besides the trivial
solution 6 = O this equation also has solutions with §0.
However, they are possible only for very exotic values of
the fissility parameter: X >1 for oblate spheroids and
X > 0.89 for prolate spheroids. Thus, for practically all ex-
isting nuclei the assumption of isotropy of the pressure
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tensor leads unambiguously to a spherical shape. Deforma-
tion is possible only for an anisotropic pressure tensor.

Using some realistic model of the ground state (say,
the Nilsson scheme), one could calculate IT;, and then,
from (51), determine the deformation of the nucleus.
However, such work goes beyond the scope of this review,
and therefore we shall take 6 from the experiments and
determine the dependence of II; on the deformation from
(50).

Small-amplitude quadrupole vibrations are described
by the system of equations (41) with = 0. A calculation
shows that the giant quadrupole resonance is split into
three branches, with each of which one can associate a
definite modulus |u| of the projection of the multipole
moment.

The splitting of the giant quadrupole resonance by the
deformation is manifested experimentally in a broadening
of it. The broadening obtained in our calculations changes
little from nucleus to nucleus (see Table I) and is on the
average 1 MeV, in reasonably good agreement with both
model® and realistic®”®® calculations in the RPA, and also
with calculations based on equations of hydrodynamic
t:ype.69

We determine the experimental broadening simply, by
subtracting from the width of the giant quadrupole reso-
nance of the deformed nucleus the width of the same res-
onance of the corresponding spherical isotope. The data of
different authors’®’? contain a rather large spread (see
Table I), but nevertheless the greater part of the theory
agrees with experiment. In the study of Ref. 73, it was
possible to measure directly the distance between the y and
B branches in *?Sm: AE = 2.1+0.6 MeV, and this is also
not too far from the theoretical value 1.2 MeV.

3. VIRIAL EQUATIONS FOR SECOND-RANK
TENSORS. REALISTIC NONLOCAL INTERACTION

In this section, we shall demonstrate the possibilities of
the method of moments when one is working with a real-
istic nucleon—-nucleon interaction and realistic matter dis-

tribution in the nucleus (diffuse edge).” As a realistic in-
teraction, we make use of the variants of Skyrme forces:
SKM*.”® A self-consistent potential is obtained from the
forces in the usual mamner;76 we take it from Ref. 45. The
realistic interaction distinguishes protons and neutrons,
and therefore the density matrix acquires a corresponding

index 7, and Eq. (1) is slightly modified:’®

. aﬁ‘r [N
ifi FTh [H.p.]. (52)
Here, the Hamiltonian has the form

~ # 1
H=-V 2 V+ Ur) +5; (V-I,+1,-V),

* T( )y

1 t_
C’=W (t+n —Tn,) , n=n,+ng.,

1 1
UT=t0[(1 + xo/2)n — (X0+ 5) n.| +1¢ (32

1 1
—54)Vn + 5 (3t, + 5¢,)V*n, + 5 [P

2 2 mt_ 2
+m(nu;+ nouy)] — oz (Pr+ mngus)

t
+6,,U,+ ﬁ n= 2 [(1 = y3)o +2(2
+x3)] = 2n20(1 + 2x3) + 2nn, (0 — 1) (1

+ 2X3)}1

e - .
I,,.=—"2"'J+T]-n Jr=nl,

TABLE I. Broadening of the giant quadrupole resonance due to the deformation 8 = 3e/[2(3 — ¢)]

(Ref. 3). (References are given in square brackets.)

El ¢ Deformation | Width of GQR.yp, Broadening of | Broadening of
ement | (Ref. 3) MeV GQRp» MeV | GQRypeor, MeV
$6Mo 0 4,8-+0,6 [70] — .
100Mo 0,19 5,1+0,5 [70] 0,3 1,0
142Nd 0 3,8[70] - —
180Nq 0,23 5,0+0,2[70] 1,24+-0,2 1,0
144Sm 0 3,9+0,2[71] —_ —
5,4 [70]
2,440,2[72]
152Sm 0,26 4,32+0,2[71] 0,4+0,3 1,2
154Sm 0,28 4,74+0,3[71] 0,8+0,3 1,3
5,5 [70] 0,1
3,7+0,3[72] 1,3+0,3
164Dy 0,28 - —_ 1,3
1741 0,25 - — 1.1
80y 0,22 — — 0,9
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Uc(r) = fn,(r') (ef,/|r — r'|)dr’ is the direct part of the
Coulomb potential, P, = 23_P,, P= P, + P, t, =1
+ht_ =4 —hHn= mt+/2ﬁ2’ o, ty, t, Iy, t3)X09 X3are
the SKM* parameters, 7' =p (protons) if 7=n (neu-
trons), and vice versa.

Performing on Eq. (52) the operations described in
Sec. 1, we obtain the modified continuity equation

dn,
3

an (Euler) equation of motion, and an equation for the
stress tensor.

Further, in accordance with the prescriptions of Sec. 1,
we must integrate these equations over r with correspond-
ing weights and investigate the variations of the obtained
virial equations, and also their static solutions. Here we
must mention several new elements.

First, on the right-hand side of the continuity equation
(53) a term that imitates exchange effects has appeared.’
Accordingly, the formula for the variation of the density is
changed:

671.,-= - div(nfg-r) ) div[nrnr’(g‘r - g‘r')]'

Second, because of the nonlocality of the Skyrme
forces, terms containing the tensors P;; remain in the virial
equations. They must be ignored. However, by means of
sum rules one can show that the importance of the dis-
carded terms is negligible.

Finally, because the interaction is realistic, it is possi-
ble to study both isoscalar (1S) and isovector (I'V) exci-
tations, and also compression modes. Details of the calcu-
lations can be found in Ref. 74.

The static solution of the virial equations gives a rela-
tionship between the shape parameters of the nucleus and
the rotation velocity that almost exactly reproduces the
results of Sec. 2. At the same time, it turns out that the
nonlocal part of the Skyrme forces (the coefficients # | and
t_) correspond to surface tension.

The vibrational solutions of these equations describe
2%,1%, and 0" excitations. For ! = 0, the theory gives
IS and IV 2%t and 0% levels—giant resonances. The the-
oretical values of the isoscalar giant quadrupole and mono-
pole resonances practically agree with the experiments.
The situation with regard to the isovector giant quadrupole
and monopole resonances is not so brilliant—the degree of
agreement between theory and experiment can be gauged
from Figs. 5 and 6. Here, we have also verified the accu-
racy of the approximation, widely used in such calcula-
tions, in which it is assumed that the neutrons and protons
move in phase (V; ;,/Z, = V; ;,/Z,for IS vibrations) or in
antiphase (V; j,/Z, = —V, j,/Z, for IV vibrations). The
approximate solution practically coincides with the exact
solution for the IS modes and differs appreciably from the
exact solution for the 7V modes—in heavy nuclei, the error
reaches 10%. The calculations show that the IV and IS
modes make almost equal contributions to the electromag-
netic energy-weighted sum rule and completely exhaust it,
each of them, in their turn, almost completely exhausting
the corresponding IV or IS sum rule.

+div(nu,)=ndivinn (u, —u,)l, (53)
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FIG. 5. Calculated and experimental energies of the isovector quadrupole
resonance (IVQR) as a function of the atomic mass. The continuous
curve gives the equilibirum density parametrized by Bernstein;’® the chain
curve gives the density according to Bohr and Mottelson;”’ the broken
curve represents the approximate calculation. The experimental data are
taken from Ref. 79.

For 0, both giant quadrupole resonances split into
five branches, and five low-lying modes also appear (Fig.
7). Two of them (5 and 12, the IS ¥ and a modes) were
already described in Sec. 2. They have now acquired is-
ovector analogs—curves 6 and 11).

The fifth low-lying mode (curve 13) corresponds to
vibrations of the proton angular momentum relative to the
neutron angular momentum (like scissors). This mode
does not have an isoscalar analog, since the total angular
momentum is conserved. This mode can be classified as an
isovector 1% excitation. In nuclei possessing static defor-
mation, it is known as the scissors mode, or angular
resonance. 83

Mode 11 can also be interpreted as a kind of rotational
motion of the neutrons relative to the protons. Indeed, it
was shown in Sec. 2 that its isoscalar analog (mode 12) has
much in common with precession. Therefore, the corre-
sponding isovector mode (11) must describe “precession”
of the proton matter relative to the neutron matter.

Thus, we have two 17 levels of magnetic type. If,
following Ref. 84, we take into account the possible devi-
ation of the nuclei from axial symmetry, then these levels
must be split. Allowance for the spin degrees of freedom,
and also for deformation of the Fermi surface of higher
multipolarity, can lead to a further splitting of them. Other
authors, using various phenomenological approaches,®%°
obtain, as a rule, one or two levels. In the more realistic
calculations of the RPA + HFB type the scissors mode is
strongly fragmented.”®** In the first experiments that con-
firmed the existence of such a mode,95 one level was ob-
tained at E;+(exp) = 3.1 MeV ('$Gd) with
B(M1)1¢, = (1.3 £ 0.2)pj. As the experimental tech-
niques were improved, the number of levels increased, so
that in the recent study of Ref. 96 the number of levels
obscrved in this nucleus was already ten, with energies
from 2.027 to 3.218 MeV and with B(M1)1 from 0.09y%v
to 1.21u3, these satisfying 3/ ,B,(M1)1 = 2.66u%.

If we ignore the fact that in the given study the nuclei
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were deformed only because of rotation and we compare
the energy of 1 excitations calculated here for the corre-
sponding deformation § = 0.25 (e~0.66, I ~697; see Fig.
7) with the experimental values for the nucleus ’6Gd, then
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FIG. 7. Energies of 0%, 1%, and 2% excitations as functions of the
eccentricity e = (1 — @3/a})"/? and angular momentum I. The levels are
labeled as follows. Isoscalar: 1 (0),2 (0),5(—2),7(+2),8(—2),13
(—1),14 (+1),15 ( — 1); isovector: 3(0),4(0),6 (—2),9(+2),10
(—2),16 (+1), 17 (—1) (the value of u, the projection of the cor-
responding multipole moment onto the rotation axis, is given in brack-
ets). The isoscalar level 12 and the isovector level 11 have projection
p = — 1 up to the point at which the energy becomes zero and the value
p = + 1 after this point.
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FIG. 6. Calculated and experimental values of the energy of the isovec-
tor monopole resonance (IVMR) as functions of the atomic mass. The
experimental data are taken from Ref. 80. See also the explanations to
Fig. 5.

we find that the theory gives the entirely reasonable values
E;+(13) =~ 4.9 MeV and E; +(11) ~ 1.9 MeV. The the-
oretical values of the B(M1) factors of the two levels are
practically the same ( ~ 1.6,u%,), and this is also in rea-
sonable agreement with experiment.

We note also that all the experimental studies confirm
the orbital nature of the mode under discussion, in com-
plete correspondence with our theory. Levels 12 and 11,
which disappear at I, ~ 25%iand I, ~ 19#, respectively, have
an interesting feature—at the corresponding point, the sign
of u for them changes from minus to plus. This means that
the modes corresponding to these levels are excited with a
decrease of the spin at I < I, and with an increase of the
spin at I > I.. The mechanical interpretation of this phe-
nomenon is also of some interest. Since mode 12 is related
to a precession mode, one can say that at the point 7, the
direction of the precession vector changes.

Calculation of the B(E2) factors reveals a high collec-
tivity (15-20 Weisskopf units) of the high-lying modes and
a significant increase in the collectivity of the low-lying
modes (especially modes 5 and 12) with increasing . For
the isoscalar excitations, the B(E2) factors are, as a rule,
greater than for the isovector excitations.

Figure 8 shows the calculated B(E0) factors as func-
tions of e and I. It can be seen that in the region e~0.6-0.7
(6=0.3) the B(EO) factors of the breathing mode and of
the B mode become equal in magnitude. This indicates
strong mixing of the monopole and quadrupole excitations
in the deformed nuclei. Experimentally, it is manifested in
a “splitting” of the giant monopole resonance in deformed
nuclei.””®® It is interesting that this result can be repro-
duced qualitatively in a rather simple schematic model.%

4. VIRIAL EQUATIONS FOR THIRD-RANK TENSORS.
NEGATIVE-PARITY EXCITATIONS

In this section, we study the dynamics of third-rank
tensors and, accordingly, the properties of negative-parity
excitations.

Basic equations

In the case of an equilibrium state, the virial equations
(21)-(23) are satisfied identically and do not give any
useful information. The small-amplitude motions are de-
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FIG. 8. The B(ED) factors of transitions from excited states to the ground
state. The curves are numbered in accordance with the numbering of the
levels (see Fig. 7) from which the transitions take place.

scribed by the system of equations (30). In the expansion
(31) for £(r,t), we restrict ourselves to the first three
terms of the series, and in the expansion (32) for
SPy(r,t) to two terms.

In accordance with Sec. 1, the dynamics of the third-
rank Cartesian tensors must be studied simultaneously
with the dynamics of the second-rank tensors. If protons
and neutrons are not distinguished, then the only first-rank
tensor will be the coordinate V;(¢) of the center of mass of
the nucleus, which is fixed by the condition

vin= [ &ropwnds=o.

The potential-energy tensor present in (30), ¥#7; jo 18 @
sum of two terms:

Vipg=%j+ C, jk
The Coulomb part has the form

Ze,\* d
Ci = (7) fn(r)xﬁka—x

In the approximation of constant density and a sharp edge
of the nucleus, it is helpful to decompose the tensor of the
nuclear forces into volume and surface parts:

n(r')
lr—(_r—,l dr'dr.

4 a—Ud
l,jk— fV nxka aXi i
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aUd
=ny fV xjxka_)ci r
=2i,jk_ ‘Sij@k“‘sik@j,

where 2; j=nofsUxx;sdS, % ;=noSf yx;Udr.

We parametrize the average field U on the surface of
the nucleus by a surface tension [see Eq. (38)]. For ellip-
soids, the tensors Z; ; and C; ; obviously vanish. Expres-
sions for the variations 82, ; were obtained in Ref. 49, and
for 8C; j in Ref. 16. Naturally, they are combinations of
V. i« and of multiple-index symbols.

It is necessary to dwell especially on the problem of
calculating the quantum correction Sy ;.

In the case of a self-consistent average field, its varia-
tion is given by

oW(r)= f v(r,r’')én(r')dr'.

By means of it, we obtain

8)(,~jk-——ff dr' dr

+ n()én(r’

Fu(r,r’)

Ox0x0x,
Fv(r,r')

) axiaxﬁxk]

én(r)n(r')

Fv(r,r')

= [ [ v anteroncy [ S22

Fu(r,r’)
dx;0x;0x}

If the conditions of Galilean invariance are satisfied, i.e.,
v(r, r') =v(|r—r'|), then

v dv
ax;  x]
and the quantum correction 8y vanishes.

But if the average field is not self-consistent, then the
quantum correction begins to depend on the form of the
potential. Thus, in our case, in which the average field on
the surface of the nucleus is approximated by surface ten-
sion, for the quantum correction we obtain®’?8

s=1

7 1 1
Syj=2mT ) 2 |6 5 Ljss— 7 Ljs
1 1 1
09\ 5 bk =7 Liss | + 0 | 5 Liss

1
_7Liss

Whefe Lljkle,]k + Lj,ki + Lk,ij'
With allowance for all these remarks, the system of
equations (30) takes the form

2
_7Ll]k ’
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Vik+8C, jx+ 8%, ju— 8,0% — 848 j— 81

- 8H{k=0§
5Hu + o (P2 2) (Lz jkt j,ik) — 611 =0;
, @ [ <
8y — 707y Z (8811, + 81T, + 58113,

— SIT} — 81T}, — 5115;,.] =8¥ (54)

The 46 equations of this system must be recombined to
make them equations for the irreducible tensors of multi-
polarity A = 3, 2, 1. The corresponding systems of equa-
tions can be found in Ref. 33.

3~ excitations

The theory gives two 3~ levels. In the simplest ap-
proximation, they can be written as
43 vp

——~1304 13 MeV
5 R 30, eV,

£ h\/lS T_ g\ leom
3-7 -43(2_ )7mA

{7
~31.4 Z—XAW MeV.

It is obvious that Eéh_) is the centroid of the giant octupole
resonance, while E;~ ) can be interpreted as the centroid of
all the 3 levels lymg below the giant octupole resonance.

It is here appropriate to discuss a widely used approx-
imation with which we have been able to dispense. This is
the crude truncation of the chain of p moments of Eq. (6)
at Eq. (10), in which the tensors Py, Py, etc., are ignored
in the hope that with increasing rank of the tensors P; ,
their influence decreases rapidly, i.e., it is hoped that there
exists a certain “convergence with respect to the rank.” If,
following this logic, we set P = 0 and ignore the last term
in (54), then we obtain only one 3 ~ state with energy

E" =4 (55)

Vg 28 1/3
fioy - (Py=0)=fig 1|5 =104.54""" MeV,

which agrees exactly with the result of Nix!? but differs too
much from (55) for one to be able to speak of any con-
vergence.

It can be seen from analysis of the relations between
the amplitudes that the octupole deformation of the Fermi
surface is equally important for the high- and low-lying
excitations, while the effects of the quadrupole deformation
of the Fermi surface are manifested effectively in only the
high-lying excitation. The distribution of the collective cur-
rents is the same for the two modes.

The calculations show that the giant octupole reso-
nance exhausts about 70% of the energy-weighted sum
rule, and Egll, accordingly, about 30%, in qualitative
agreement with the experimental data. We note also that
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allowance for the quantum correction has practically no
influence on the energy of the 3~ excitation but is impor-
tant for the calculation of the B(E3) factors of the low-
lying 3~ states, bringing the results closer to the experi-
mental values by ~10% in heavy nuclei and ~20% in
light ones.

2~ and 1~ excitations

Besides the two 3~ levels, Egs. (54) also give one
2~ level and one 1~ level. In the simplest approximations,
we can represent the energy of the 2~ excitation, which we
identify with the magnetic quadrupole resonance, in the
form

E,_~ ~52.34"13 MeV.
2 h\/;R (J

This formula describes the experimental data quite well.
Calculations of the B(M2) factors show that they do not
differ in any nucleus from the experimental values by more
than a factor of three; this can be regarded as reasonable
agreement, since we do not take into account the spin de-
grees of freedom.

The isoscalar 1~ excitation corresponds to vibrations
of the toroidal dipole moment” of the nucleus: T
= (e,Z/10c4) n[r(r-u) — 2r Zu]dr. Its energy is given by

1v
E,- —ﬁ\/:—~65 6413 MeV,

which is close to the result of Ref. 100. At the present time,
there is no sufficiently convincing experimental informa-
tion about such excitations, although there are some spec-
ulations on this subject.!?!+1%?

3~ and 2~ excitations with a realistic nonlocal
interaction

We demonstrate the results of calculations of the en-
ergies of the 3~ and 2~ excitations with Skyrme forces
(SKM*).

The structure of the corresponding system of equations
is similar to the structure of the system (54), except that
the equations now contain both proton and neutron vari-
ables and, accordingly, there are now twice as many equa-
tions. By means of the approximate solution (see Sec. 3),
the resonances can be readily classified by isospin. The
isoscalar modes are shown in Fig. 9. It can be seen that
allowance for the diffuseness of the edge of the nucleus (for
the giant octupole resonance and 2~ level) and the real-
istic nature of the interaction lead to a significant improve-
ment of the agreement between theory and experiment.
The positions of the centroids of the low lying 3~ levels
were determined from the formula

E_= 2 EY\B(E3, 3--.gr)/2 B(E3,3; —gr).

There is a rather large diversity in the data of different
authors on the B(E3) factors.%*"!!2 Therefore, in the fig-
ure we have given two experimental values—a maximal
and a minimal one.
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FIG. 9. Centroids of energies of the isoscalar giant octupole resonance (at
the bottom), low-lying isoscalar 3~ states (in the middle), and the mag-
netic quadrupole resonance (isoscalar and isovector) (at the top). The
calculations were made with the parameters of the equilibrium density
from Ref. 78 (continuous curves) and Ref. 77 (broken curves). The chain
curves are the result of calculation in the approximation of an incom-
pressible nucleus with sharp edge. The experimental data are from Refs.
103-113.

The energies of the isovector 3 ~ excitations are shown
in Fig. 10. Also plotted there are the first experimental data
on the isovector giant octupole resonance.” It can be seen
that the agreement between the theory and experiment is

50 100 150

FIG. 10. Energies of isovector 3~ resonances. The parameters of the
equilibrium density are taken from Ref. 78 (continuous curves) and Ref.
77 (broken curves). The experimental data are from Ref. 79.
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reasonable. By and large, the results of microscopic®®!

and phenomenological!!*!!® calculations of the isovector
giant octupole resonance are fairly close to our results, but
a different dependence on A is predicted. Our calculation
can be approximated by the curve E ~ 514~ /1! MeV,
whereas phenomenology®® gives E ~ 1724~ '° MeV.

5. VIRIAL EQUATIONS FOR TENSORS OF SECOND
AND FOURTH RANK. 1+, 2%, 3+, AND 4+
EXCITATIONS IN THE APPROXIMATION OF AN
INCOMPRESSIBLE NUCLEUS WITH SHARP EDGE

In this section, we take one further step in the direction
of increasing the rank of the studied tensors. We shall
investigate the dynamics of the tensors of fourth and sec-
ond rank (simultaneously) in order to describe the giant
hexadecapole resonance and the giant quadrupole reso-
nance in the framework of a unified approach.!!’

Basic equations and approximations

In accordance with the rules formulated in Sec. 1 for
the description of collective excitations of positive parity
with multipolarity 1<4, two systems of virial equations are
required. The first system is provided by Eqs. (14)—(16),
the second by Egs. (24).

We assume that in the equilibrium state the nucleus
has spherical shape, u{* = 0, P}’ = 8P, PY) = 0. Weap-
proximate the displacements £; and the variations 5P; and
8Py, as follows:

3 3
Ei(r,)=Ly(1) + 21 L, ()x;+ gl L, j(8)xx;
J= k=

3
+ 2 L; j(8)xpxx;; (56)
Jki=1
3
OPy(r,t) =n(r,t) [D,-j(t) + kzl Df.j‘.(t)xk
3
+ “21 D (x| 5 (57)
3
8Py (r,t) =n(r,0) | Njy(t) + IZ Np(Dx| . (58)
=1

In the preceding sections, we have already given our argu-
ments for such an approximation. In addition to them, we
note that in the case of hexadecapole vibrations Eq. (56) is
equivalent to Tassie’s ansatz, and in the case of quadrupole
vibrations is a generalization of it. In addition, for A = 4
the expressions (56)—(58) are, in a certain sense, a “long-
wavelength approximation,” while for A = 2 they represent
an advance beyond it. The equilibrium values of the tensors
P;; and I1;; and of the average field W are connected by

relations that follow from the virial equations (15) and
(24):
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With allowance for the remarks and approximations
listed above, the variations of the virial equations take the
form

V,;— I, + 8C;+ 260, — 8U,;=0;
AP?) @r? L
6H,1+ L,]+A3—m"L,~j=0;

3m
Vii+8C; g+ 8%, ju— 8% jjy—

(p2 )

[5H 7 k=0;

Ot + 24 52 (L uly+ Su gy POy

3 -
+3 @2’4)La) 1]9 ((P2 r2) Ly
3 a7y I
+35 @7 )Lkl) — [6M ] =0; (59
4 4 4,2
5Hyk1+_§ [8x(P*YLy+ (p*r )Ltl)]ukl
<p2
+_2<—rz$ [81153,) ;=0
. A 1 . 3
6H5jk+ 3Im2 l<P2>5iIDjk+§ p*r 2)(2D}i+ ;1 Dﬁc)’
[n(D,

1
e [ 30 2 5

+E

sr=1

1 1
XX ldr — — 8y f 2 %1div(ng)

0)

dr — 6H,~jk1 —

P
XP(O) 3 Xijk,l"__o'

i

Here

3
; i, jss +L u's):

;w g
Xijk’1=ma f ”x’ax,ax,ax,, T

The tensors of the Coulomb forces have the form

1
1, k= (2[C1 ,kI]jkI + Cth,I + CII,J,k + CI]‘k 1)!
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2
ZC,J’kl—-—(epTZ) ffn(r)n(r’)xkx,

(3 — x}) (x;— x])

2C,-f-’k, ( ) f fn(r)n(r )xix;

(% — x;) (x; — x7)

!
|l‘—l"|3 drdr’.

Expressions for their variations are given in Ref. 119. As
usual, we decompose the tensors of the nuclear forces into
surface and volume parts:

au

aUu
f PXRRRL g ar=2; j1— Y jub
where

on
20=— f ijb;idr,

U,J—_(S,] nUdr, E,-,jkl——Z[a,-j,k,]jkI,
2 = — f XX U-——an d
T;: X; T,
ikt ! ox;

U, ja= 852 ] juw @k1=f nUxixdr.

We approximate the average field on the surface of the
nucleus by the surface tension (38). Then for the tensors
o; and do; we obtain the expressions given in Appendix 1,
and for the tensor 63; 4; and the quantum correction
Xijk, We have

24w T
82; = | Vit = [ iVl jkt
517'Tﬁ2
Xijk = — i VkI R2 E (Vicsss
+ Vl,kss)”
. ikl

Bearing in mind that the indices i, j, k, / take the values
1, 2, 3, we readily find that the system (59) contains 126
equations. They can be recombined in such a way as to
obtain equations for modes of the definite multipolarities
A=4,3210.

Results of calculations

In the approximation of incompressibility, 0+ levels
do not appear. The theory gives two 4 levels with ener-
gies B\ ~ 704~ *MeV and E{? ~ 2124~ /*MeV. They
are shown in Fig. 11 by the continuous curves (for nuclei
out of the B-stability valley). Also plotted are experimental
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FIG. 11. Hexadecapole excitations. The continuous curves represent the
exact calculation; the broken curve takes into account only the quadru-
pole deformation of the Fermi surface; the crosses are the experimental
data from Refs. 98 and 120. The experimental bounds for the upper
4% excitation are from Ref. 98.

data on the giant hexadecapole resonance from Refs. 98
and 120. It can be seen that the solution with lower energy
agrees quite well with them. The discrepancy in the light
nuclei must decrease when allowance is made for the dif-
fuseness of the edge of the nucleus and for compressibility.
This resonance corresponds approximately to the expected
transition with AN = 2 and is usually reproduced in RPA
calculations of various degrees of complexity (Refs. 68,
114, 121, and 122). Without allowance for the Coulomb
and surface forces, Eft” is lowered to ~ 654~ 13 MeV.

The second 4+ resonance clearly lies above the ex-
pected excitation with AN = 4, which, as a rule, is also
obtained in RPA calculations.5®''*!! The only exception
is Ref. 122, which predicts a position of the second 4 *
level in the same region as we do. The one existing exper-
imental indication®® agrees with our calculation.

If we ignore the octupole and hexadecapole deforma-
tions of the Fermi surface (the variables 6H£J-k and
Sl'lijkz), then there remains only one solution (the broken
curve), which has nothing in common with the experiment
but does agree (if Coulomb and surface forces are also
ignored) with the result of Ref. 12: E, ~ 1504 ~/* MeV.

The two levels make approximately equal contribu-
tions to the energy-weighted sum rule and completely ex-
haust it.

The system (59) gives one 3+ level with energy

2v
Ey;=4 \/;fzuﬁA =173 Mev.
If the octupole deformation of the Fermi surface is ignored,
the level is lowered to E; = 3V2/5vs/R = 874~ /> MeV.
In Ref. 5, in which this deformation was not taken into
account, it was obtained at approximately 103.5 MeV, i.e.,
approximately in the middle between E; and E;. As yet
there are no experimental data. From Egs. (59) we obtain
the four 2+ levels shown in Fig. 12. They can be expressed
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FIG. 12. Quadrupole excitations. The numbers in brackets give the per-
centage to which the isoscalar sum rule is exhausted.

approximately as E;V =~ 23.74Y3 MeV, E®
=~ 65947 1% Mev, E¥ =~ 87.34-'° Mev, E{¥
= 17474~ '3 MeV. The level E{? is none other than the
giant quadrupole resonance. We recall that in Secs. 2 and 3
it was calculated by means of the system of equations for
only the second-rank tensors, and we then obtained
E® ~ 64.74~ % MeV. We see that the extension of the
computational scheme to the fourth-rank tensors has had
practically no influence on the energy of the giant quadru-
pole resonance, and this indicates stability of the method.
The lowest level (Eé”) exhausts ~20% of the energy
-weighted sum rule, in agreement with the results of Ref.
123, while the giant quadrupole resonance (E§2)) exhausts
about 79%, leaving only 1% of the sum rule for the frac-
tion of the two higher 2t excitations. When they are all
taken together, they completely exhaust the sum rule.
From this it may be concluded that the lowest-lying 2
excitation is the centroid of all the 2+ states of the nucleus
lying below the giant quadrupole resonance. The experi-
mental data of Refs. 124-130 do not contradict such an
interpretation. It should be emphasized that for our
method the fact that a low-lying 2 * state appears of basic
importance, since it can be reproduced in microscopic cal-
culations!!*12213! anqg is not obtained in the phase-space
method, 39132133

It appears that we can relate the nature of at least one
of the two high-lying 2t excitations to the dynamics of the
toroidal quadrupole moment:*®

oz

Ty

n[4xx;(r-u) — 5r 2(x,-uj + xu;)
+ 2r(r-u)é;ldr,

since its variation is a linear combination of the variables
represented in the system (59):
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This assumption is supported by the simplified RPA cal-
culation of Refs. 100 and 134, which predicts a 2+ level of
vortex nature at energy ~ 934 ~'/3 MeV, which is very
close to our result for E{*. Also predicted there is a low-
lying “toroidal” 2 * level, and therefore it cannot be ruled
out that our level at 23.74 — /3 MeV has a significant ad-
mixture of a vortex component.

The system (59) also gives one 1* level with energy

E;=132.64"'% MeV.

Neglect of the octupole deformation of the Fermi surface
raises it to E; = 162.44 ~ /> MeV, in almost exact agree-
ment with the result of Ref. 5 (~ 1614 /3 MeV), in
which the octupole deformation of the Fermi surface was
also not taken into account. In hydrodynamics, such a
mode has long been known.’ The distribution of currents
corresponding to it is shown in Fig. 13, which is taken
from Ref. 9.

To complete this section, we note that the influence of
the quantum correction on all four modes is negligibly
small.

CONCLUSIONS

We briefly summarize the main results and conclu-
sions. Beginning with the equation for the density matrix in
the framework of the time-dependent Hartree—Fock
method, we have obtained a system of equations, first for
the moments of the Wigner function in the momentum
space, and, after this, for the moments in the complete
phase space. Such moments of the Wigner function play
the part of collective variables. The Hartree—Fock theory is
reduced to a form that resembles hydrodynamics, namely,
the dynamics of a Fermi liquid.

As one of the most important points we have consid-
ered rules for closing the hierarchy of equations for the
moments. It follows from these rules that for correct de-
scription of the dynamics of a mass (or charge) tensor of
rank k (J; i = J px;, _x;dr) it is necessary to take into
account the deformation of the Fermi surface described by
the tensors
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Pil...i,=m1 ! J (p — mu);...(p — mu), fdp

of all ranks up to / =k%.

The method has been used to study the shapes of ro-
tating nuclei and quadrupole and monopole excitations in
them (Refs. 13-15, 26, and 74), and also to study collec-
tive states of negative parity in spherical nuclei (Refs. 27,
28, 32, and 33): octupole, dipole, and magnetic quadrupole
excitations. The calculations have been made both in the
approximation of a sharp edge of the nucleus with surface
tension and for nuclei with a diffuse edge and realistic
interaction (SKM*).

In the approximation of a sharp edge in spherical nu-
clei,4*,3 %, and 1+ excitations have been investigated.''’
The excitation energies of the collective states and their
electromagnetic properties have been considered. The pos-
sibility of describing the widths of the resonances in the
framework of the approach has been demonstrated.®

Our results speak quite persuasively for the advantages
of the method of moments. Indeed, in the framework of a
unified approach it is possible to describe the static and
dynamical properties of the nuclei and the isoscalar and
isovector excitations; besides giant resonances, low-lying
modes are obtained. Despite the rather complicated realis-
tic interaction, the computational work is comparatively
simple, namely, one finds roots of polynomials whose co-
efficients are ordinary one-dimensional integrals. The non-
locality of the interaction does not lead to any additional
difficulties. A very interesting fact is the appearance of
low-lying 3~ and 2 T levels; this fact offers hope of a more
detailed description of the low-lying part of the spectrum
as the number of degrees of freedom is increased (as study
is extended to the dynamics of the tensors of higher and
higher rank).

The theory described in the review, although relatively
simple, is capable of reproducing the known experimental
data in all cases in which such comparison is possible, and
it also gives estimates similar to the results of other more
laborious theoretical calculations.

In the approach, definite assumptions are made about
the velocity field of the nuclear matter. They may lead to
certain errors in the estimate of physical observables. To
correct them, it is necessary, in accordance with the the-
ory, to take into account the tensors J; ; of higher rank.
The difficulties that arise in this way are more than com-
pensated by the possibility of avoiding the difficulties of
another kind encountered in the solution of the differential
equations for p(r,?), u(r,t), Py(r,t), etc. Namely, to solve a
differential equation, it is necessary to specify boundary
conditions on the surface of the nucleus. They are fairly
obvious on the “outer” surface, where there is no matter.
But these conditions are of no practical use until one has
found a method of describing the dynamics of the surface
layer; this, for example, is the aim of Refs. 135 and 136.

In the review we have shown that it is possible to give
a quantitative description of the properties of nuclear vi-
brational states using parameters of the liquid-drop model,
i.e., a model intended to describe the static properties of
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nuclei. Thus, in accordance with the results of Sec. 4, it is
the surface tension and fissility parameters of the drop of
Fermi liquid that determine the position of the 3 ~ excita-
tions and the strength of the E3 transitions in a region of
energies of the order of one main shell. There is hope that
the proposed method will help to fill the gap between the
macroscopic (liquid drop) and microscopic (shell model,
etc.) approaches to nuclear dynamics. Although the con-
ceptual’®’ relationship between these approaches is well
understood, further study is required.

We outline the possible further applications of the
method. It is obvious that the inclusion of spin degrees of
freedom should not lead to serious difficulties—it is simply
necessary to double the number of all possible equations of
motion. It would also be interesting to take into account
elements of the density matrix nondiagonal with respect to
the spin and isospin, since this would make it possible to
describe spin-flip and charge-exchange processes. The
problem of describing large-amplitude motions, in partic-
ular fission, is also not without hope. To describe the ro-
tation of nuclei possessing static deformation, it is neces-
sary to work with Riemann ellipsoids,l(’ i.e., with objects
possessing a nonzero velocity distribution u‘®(r) in the
state of secular equilibrium. The description of reactions
without contact, of the type of Coulomb excitation, should
obviously not encounter any problems. Some consider-
ations with regard to contact reactions were advanced in
Ref. 138. Calculations of the dynamics of the tensors of the
fifth, sixth, etc., rank (especially with realistic interaction)
are held back for the moment by the laboriousness of the
calculations, but with the development of the possibilities
of analytic programming here too great advance can be
expected.

APPENDIX 1. TENSORS OF THE SURFACE AND
COULOMB ENERGY IN THE APPROXIMATION OF A
SHARP EDGE OF THE NUCLEUS AND THEIR
VARIATION

The tensors of the surface and Coulomb energy in the
approximation of a sharp edge of the nucleus and their
variations are

Ci=bXAdYr?, oy=of 1+ o )b/4ry (iAj#k);

3
‘SCU:XQ(Z){ZBUVU + 6 k21 Via(Bix — Ak)] ,

1 3
50!‘1':1 Q(Z)[ZMHVU— 8y kzl Vi i+ B z)/a,

Here Qf = 5b/2mAry, o ; , # ;. and A; , B; _are the
so-called multiple-index symbols introduced in Refs. 16
and 49:
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o RSdt

o i = o AR(a,2+t2)(a,2~+’2)m’
, _fm Ridt _
= ] Ac(a’?+1)(a]2.+t)...’
a2 _(° R%Fdr
= Jo Ap(@+ ) (@ + ).
w R3tdt
B; =

o A +D@+D.
Ar=(a} + ) (@ + )+ D),

Al=(al+ (g +1)(d]+1).

APPENDIX 2. CONNECTION BETWEEN THE
COMPONENTS OF THE IRREDUCIBLE AND
CARTESIAN TENSORS

The relations between the components of the Cartesian
tensor V; ; and the variations of the quadrupole moment
Q,,,, angular momentum 7, and mean-square radius (r?2)
are:

800=—x(Vi1 + V2 — 2V33);
80y +1=Fy J6(Vi3£iVy);
8Q22=x 3/2(Vy; — Vpu £2iV,);
x=5/nZe,/4m4;

8L\ =V3y— Vo3 — QV3y;
8L=Vi3— V31— Q¥
8I;=V31— Vip+ Q(Vi + V);

Mu

a1
6(" )=;1' - V,','.
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